For all quantum-mechanical potentials that are known to be exactly solvable, there are two different, and seemingly independent methods of solution. The first approach is the potential algebra of symmetry groups; the second is supersymmetric quantum mechanics, applied to shape-invariant potentials, which comprise the set of known exactly solvable potentials. Using the underlying algebraic structures of Natanzon potentials, of which the translational shape-invariant potentials are a special subset, we demonstrate the equivalence of the two methods of solution. In addition, we show that, while the algebra for the general Natanzon potential is so͑2,2͒, the subgroup so͑2,1͒ suffices for the shape invariant subset. Finally, we show that the known set of exactly solvable potentials in fact constitutes the full set of such potentials.
I. INTRODUCTION
Natanzon potentials ͓1͔ form a complete set of exactly solvable potentials of nonrelativistic quantum mechanics for which the Schrödinger equation reduces to the hypergeometric equation. In Refs. ͓2,3͔, Alhassid and co-workers have studied the group structure of these quantum-mechanical systems, related their Hamiltonians to the Casimir operator of an underlying so͑2,2͒ algebra, and determined all their quantum states by group-theoretical methods.
In supersymmetric quantum mechanics ͑SUSY-QM͒ ͓4͔ one applies a different algebraic method. The exactly solvable problems in SUSY-QM are described by superpotentials W(x,a) that obey a special integrability condition,
W
2 ͑ x,a 0 ͒ϩ dW͑x,a 0 ͒ dx ϭW 2 ͑x,a 1 ͒Ϫ dW͑x,a 1 ͒ dx ϩR͑a 0 ͒, ͑1͒ known as shape invariance ͓5,6͔. R(a 0 ) is a constant and the parameter a 1 is a function of a 0 ; i.e., a 1 ϭ f (a 0 ). For a shape-invariant system, the entire spectrum can be determined algebraically by a procedure similar to that of the one-dimensional harmonic oscillator, without ever referring to the underlying differential equations. Although most of the known shape-invariant potentials ͑SIP͒ belong to the Natanzon class, there are a few exceptions ͓7,8͔. In a previous work ͓9͔, we have shown that problems for which ͑1͒ there is a translational change of parameters a 1 ϭ f (a 0 )ϭa 0 ϩ const and ͑2͒ R(a 0 ) is a linear function of a 0 , the shape-invariance condition of Eq. ͑1͒ implies the presence of an so͑2,1͒ dynamical algebra. Hence these problems are solvable by either method. As shown in Ref. In this paper, we generalize our work of Ref.
͓9͔. However, we have used a different approach here that is closely based on the work of Alhassid, Gürsey, and Iachello ͓2͔. The authors of Ref. ͓2͔ have shown that a Hamiltonian with a general Natanzon potential has an so͑2,2͒ symmetry. We study here the algebra of Natanzon potentials that are also shape invariant. We find that general Natanzon potentials when subjected to a further constraint give the entire set of shape-invariant potentials. The shape-invariant potentials that reduce to the confluent hypergeometric equation can be obtained as a limit ͓10͔. We also find that while the algebra for the general Natanzon potential is so͑2,2͒, a subgroup so͑2,1͒ suffices for all the shape-invariant problems of the Natanzon type.
Thus, this paper connects all the shape-invariant potentials of translational type (a 1 ϭa 0 ϩconst) to an algebraic structure that has many interesting consequences. Some time ago it was discovered that spectra of potentials with translational shape invariance can be exactly determined by the supersymmetric WKB method ͓11͔, which usually only gives approximate results. The reason for this exactness was very puzzling. However, in light of this group-theoretical connection, this result may not be that difficult to understand, as various authors have demonstrated the exactness of WKB results on a group manifold ͓12͔.
In Sec. II, we will quickly review the formalism of SUSY-QM and shape invariance. In Sec. III, we will briefly describe our previous work ͓9͔ where we connected a subset of SIP's to so͑2,1͒ potential algebra. In Sec. IV, we discuss the potential algebra of a general Natanzon potential. This section will closely follow Ref. ͓2͔. In Sec. V, we identify conditions under which the general Natanzon potential reduces to a shape-invariant potential. We then show that this condition has a finite number of solutions for shape-invariant potentials; however, they generate all the known shapeinvariant potentials of translational type. 
II. SUSY-QM AND SHAPE INVARIANCE
In this section, we very briefly describe supersymmetric quantum mechanics ͑SUSY-QM͒, and also show how SUSY-QM with shape invariance allows one to completely determine the spectrum of a quantum system. For a more detailed description, see Ref.
͓4͔.
A quantum-mechanical system given by a potential V Ϫ (x) can alternatively be described by its ground-state wave function 0 (Ϫ) . From the Schrödinger equation for the ground-state wave function ͓Ϫ 0 ЉϩV(x) 0 ϭ0͔, it follows that the potential can be written as V Ϫ (x)ϭ( 0 Љ/ 0 ), where the prime denotes differentiation with respect to x. ͑It is assumed that the potential is properly adjusted to make the ground-state energy E 0 ϭ0.͒ In SUSY-QM, it is customary to express the system in terms of the superpotential W(x) ϭϪ( 0 Ј/ 0 ). The ground-state wave function is then given by 0 ϳexp͓Ϫ͐ x 0 x W(x)dx͔; x 0 is an arbitrarily chosen reference point. The Hamiltonian H Ϫ can now be written as
͑2͒
͑We are using units with ប and 2mϭ1.) In analogy with the harmonic-oscillator raising and lowering operators, we have introduced two operators: 2 (x)ϩ ͓dW(x)͔/dx͖, is called the superpartner of the Hamiltonian H Ϫ . To show the isospectrality mentioned above, let us denote the eigenfunctions of H Ϯ that correspond to eigenvalues E n Ϯ , by n (Ϯ) . For n ϭ1,2, . . . ,
Hence, except for the ground state that obeys A 0 (Ϫ) ϭ0, for all other states n (Ϫ) of H Ϫ there exists a state nϪ1
ϰA n (Ϫ) of H ϩ with exactly the same energy, i.e., E n ϩ ϭE nϩ1 Ϫ , where nϭ0,1,2, . . . . Conversely, one also has
. Thus, if the eigenvalues and the eigenfunctions of H Ϫ were known, one would automatically obtain the eigenvalues and the eigenfunctions of H ϩ , which is in general a completely different Hamiltonian. Now, let us consider the special case where V Ϫ (x,a 0 ) is a shape-invariant potential. For such systems, potentials V ϩ (x,a 0 )ϭV Ϫ (x,a 1 )ϩR(a 0 ). Their superpotential W obeys the integrability condition of Eq. ͑1͒. Since potentials V ϩ (x,a 0 ) and V Ϫ (x,a 1 ) differ only in an additive constant, their common ground-state wave function is given by
, because the ground-state energy of V Ϫ (x,a 1 ) vanishes.͔ Now using SUSY-QM algebra, the first excited state of H Ϫ (x,a 0 ) is given by A ϩ (x,a 0 ) 0 (Ϫ) (x,a 1 ) and the corresponding eigenvalue is R(a 0 ). By iterating this procedure, the (nϩ1)th excited state is given by
and corresponding eigenvalues are given by
R͑a k ͒ for nϾ0.
͓To avoid notational complexity, we have suppressed the x dependence of operators A(x,a 0 ) and A ϩ (x,a 0 ).͔ Thus, for a shape-invariant potential, one can obtain the entire spectrum of H Ϫ by the algebraic methods of SUSY-QM.
Most of the known exactly solvable problems possess a spectrum generating algebra ͑SGA͒ ͓2,3,13͔. We would like to find out if there is any connection between SGA and shape invariance of these systems. As we shall see later, the type of SGA that is most relevant to us is known as potential algebra, studied extensively by Alhassid and co-workers ͓2,3͔. In potential algebra, the Hamiltonian of the system is written in terms of the Casimir operator (C 2 ) of the algebra, and the energy of states specified by an eigenvalue of C 2 is fixed. Different states with fixed represent eigenstates of a set of Hamiltonians that differ only in values of parameters and share a common energy. For a system with an so͑2,1͒ potential algebra, the different values of parameters are eigenvalues of operator J 3 , chosen to form a complete set of commuting observables. This is very similar to the case of shapeinvariant potentials. In the next section, we will attempt to establish this connection in a more concrete fashion. In fact, for a set of solvable quantum-mechanical systems we shall explicitly show that shape invariance leads to a potential algebra.
III. SHAPE INVARIANCE AND CONNECTION TO ALGEBRA
Let us consider a generic shape-invariant potential V Ϫ (x,a 0 ) with a translational change of parameters a mϩ1 ϭa m ϩ␦ϭa 0 ϩ(mϩ1)␦, where ␦ is a constant. For the superpotential W(x,a m )ϵW(x,m), the shape-invariance condition is
It is natural to ask whether the change of parameters can be formally accomplished by the action of a ladder-type operator. With this in mind, we define an operator J 3 ϭϪi ‫ץ/ץ‬ ϵϪi‫ץ‬ , analogous to the z component of the angularmomentum operator. It acts upon functions in the space described by two coordinates x and , and its eigenvalues m will play the role of the parameter of the potential. We also define two more operators, J Ϫ and its Hermitian conjugate J ϩ by
The factors e Ϯi in J Ϯ ensure that they indeed behave as ladder operators for the quantum number m. ͑The factor Ϯ 1 2 merely ''symmetrizes'' the J Ϯ 's.͒ Operators J Ϯ are basically of the same form as the A Ϯ operators of SUSY-QM, except that the parameter m of the superpotential W is replaced by operators (J 3 Ϯ 1 2 ). Explicit computation shows that
and hence operators J Ϯ change the eigenvalues of the J 3 operator by unity, similar to the ladder operators of angular momentum ͓so͑3͔͒. Now let us determine the commutator ͓J ϩ ,J Ϫ ͔:
where we have used the shape-invariance condition ͑4͒. Thus, we see that shape invariance enables us to close the algebra of J 3 and J Ϯ to
Now, if the function R(J 3 ) is linear in J 3 , the algebra of Eq. ͑8͒ reduces to that of so͑3͒ or so͑2,1͒ ͓9͔. Several SIP's are of this type, among them are the Morse, Scarf I, Scarf II, and generalized Pöschl-Teller potentials. For these potentials, R(J 3 ϩ 1 2 )ϭ2J 3 ͓4͔, and Eq. ͑8͒ reduces to an so͑2,1͒ algebra and hence establishes a connection between shape invariance and potential algebra. With a slightly different formalism, Balantekin arrived at a similar conclusion for these SIP's ͓14͔. However, there are many other important systems like Coulomb, Eckart, etc. where R(a 0 ) is not linear in a 0 , and these cases will be discussed later.
IV. DIFFERENTIAL REALIZATION OF so"2,2…
Before establishing a connection between a general Natanzon Hamiltonian and an so͑2,2͒ potential algebra, we will discuss a realization of so͑2,2͒ algebra in terms of differential operators on a ͑2,2͒-hyperboloid. For consistency, we use the formalism and the notations of Refs. ͓2,3͔.
A ͑2,2͒-hyperboloid is defined by
where and are rotation angles in the x 1 ,x 2 and x 3 ,x 4 planes, respectively ͓0р,Ͻ2͔. Six generators of the algebra, J i and K i (iϭ1, . . . ,3) can be chosen as
Operators p i represent derivatives Ϫi(‫ץ/ץ‬x i ). The algebraic relations obeyed by these operators are given by ͓J 1 ,J 2 ͔ϭϪiJ 3 , ͓J 2 ,J 3 ͔ϭiJ 1 , ͓J 3 ,J 1 ͔ϭiJ 2 ,
The above algebra can be decomposed in terms of two commuting so͑2,1͒ algebras generated by
These operators commute; i.e., ͓A i ,B j ͔ϭ0. Using Eqs. ͑9͒ and ͑11͒, the differential realization can be written explicitly as ͓2,3͔ 
The so͑2,1͒ algebra obeyed by these operators is
and a similar one for the B's. The Casimir operator C 2 is given by
͑14͒
Operators A 3 , B 3 , and C 2 can be simultaneously diagonalized, and their actions on their common eigenstates are given by
It is worth mentioning at this point that the Casimir operator given above is indeed self-adjoint with respect to a measure sinh cosh ddd.
V. NATANZON POTENTIALS
The Schrödinger equation for any Natanzon potential can be reduced by a point canonical transformation ͑a general similarity transformation followed by an appropriate change of independent variable͒ ͓10,15,16͔ to the hypergeometric equation. A general potential U(r) of the Natanzon type is implicitly defined by ͓1͔
where R(z)ϭaz 2 ϩb 0 zϩc 0 ϭa(1Ϫz) 2 Ϫb 1 (1Ϫz)ϩc 1 and f ,h 0 ,h 1 ,a,b 0 ,b 1 ,c 0 ,c 1 are constants. The Schwarzian derivative ͕z,r͖ is defined by ͕z,r͖ϵ
The relationship between variables z (0ϽzϽ1) and r is implicitly given by
To avoid a singularity in U"z(r)…, one assumes that R(z) has no singularity in the domain ͑0,1͒. To connect the Casimir operator C 2 of the so͑2,2͒ algebra ͓Eq. ͑14͔͒ to the general Natanzon potential, we will first perform a similarity transformation on C 2 by a function F and then follow that up by an appropriate change of variable →g(r). Under the similarity transformation, .
͑23͒
Thus the operator C 2 transforms into
